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An experimental study is described to characterize the oscillation of a guitar string around resonance.

A periodic force was applied to the string, generated by the electromagnetic interaction between an

alternating current flowing in the string and a magnetic field. The oscillation was studied by

measuring the voltage induced in the string itself, which is proportional to the velocity. Accurate

quantitative data were obtained for the velocity, both modulus and phase, with a time resolution of

3 ms, corresponding to the oscillation period. The measuring instrument was a personal computer

with its sound card and an electronic amplifier, both used to generate the excitation current and

record the velocity signal, while performing the required frequency sweep. The study covered an

excitation force range more than two and half decades wide (51 dB). The experimental results

showed very good agreement with the theoretical behavior of a Duffing oscillator with nonlinear

damping over about two decades. VC 2017 American Association of Physics Teachers.

[http://dx.doi.org/10.1119/1.4991374]

I. INTRODUCTION

The harmonic oscillator is a primary topic in most physics
courses and its importance in mechanics, electromagnetism,
or other areas of physics cannot be overestimated. The simple
pendulum and the mass-spring system are the first examples
of a harmonic oscillator that a student typically encounters.
As long as the system is linear (when the restoring and damp-
ing forces are proportional, respectively, to displacement and
speed), both the ideal undamped oscillator and the more real-
istic damped one are described by a second-order differential
equation that admits closed analytical solutions.

The frustration begins when the student finds that the tool-
kit obtained through study of these linear systems is typically
ineffective when faced with a real-world problem, even one
that seems relatively simple. In the real world, mechanical
systems typically contain small (but significant) nonlinear
behavior, whereas nonlinear systems are usually avoided in
the classroom.

The purpose of this paper is to describe an experiment that
is straightforward enough to be within the grasp of a first-
level student, but that can yield accurate quantitative data on
the behavior of an oscillatory system that contains small yet
significant nonlinearities. The experiment consists of a guitar
string, a familiar acoustical system that is well known to
youngsters.

Unlike the pendulum or the mass-spring oscillator, a guitar
string is not a simple system; instead, it is a system with dis-
tributed rather than lumped constants. Nevertheless, there
are convincing arguments in the literature that describe how,
under certain conditions, the string behaves as an harmonic
or quasi-harmonic lumped oscillator.1–5 Usually, the guitar
string is put into vibration by plucking it with the fingers or a
plectrum, thus generating a damped oscillation whose har-
monic content depends upon the finger position and move-
ment along the string. When applying a continuous periodic
force, a stationary oscillation can be induced, whose phase
and amplitude depend upon the frequency and amplitude of
the excitation signal. Thus, with a slow frequency sweep a
resonance curve can be measured. It is well known that with

a high enough oscillation amplitude, especially with a low-
pitched string, important effects due to the nonlinear behav-
ior of the system start to become evident. These phenomena
have been studied both theoretically and experimentally by
several authors, using different approaches.6–17

A very convenient experimental method is to use a metal-
lic string where an alternating current flows. In the presence
of a magnetic field, as generated by a magnetic bar properly
positioned on the side of the string, the interaction of the cur-
rent with the magnetic field excites the string oscillation via
the Lorentz force. This experimental approach was used to
excite and study periodic, quasi-periodic, and chaotic
motion, while the string movement was measured using opti-
cal means (photodiode and phototransistor).5

In some studies, an acoustical excitation was provided
using a woofer,12 while the string oscillation amplitude was
observed and measured using inexpensive video cameras.
High-speed video has also been used to detect the time
evolution of the string oscillation amplitude and profile,
and hence the harmonic content, during a free oscillation
decay.13 The use of video methods to observe the string
shape and movement has great promise, as the speed and res-
olution of inexpensive cameras continue to improve. Such
measurement systems can yield extensive information on the
localized string deformation. Currently, measurements with
this technique are more cumbersome and yield less accurate
results with lower resolution than electrical techniques.

Though the use of a current flowing through the string as a
mean to excite oscillations has been questioned because of
the perturbative effects due to string heating,12 the use of the
acoustical excitation has the disadvantage of not allowing
for an easy measurement of the phase correlation between
the excitation and the induced oscillation, or a quantitative
knowledge of the applied forcing signal.

In this paper, we describe a straightforward experimental
setup that uses the current flow technique to excite the string
movement and an electrical detection system to measure the
modulus and phase of the oscillation with a very high resolu-
tion and accuracy. The setup described here is used to inves-
tigate the nonlinear behavior of the string in both the
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restoring force and the damping. The movement of the string
in the region of the magnetic field induces a Faraday emf
proportional to the instantaneous string velocity. Using a
simple electronic circuit and some algebra, the Faraday com-
ponent of the overall voltage across the string can be sepa-
rated from the ohmic drop, obtaining an accurate measure of
the string velocity. The instruments necessary for quantita-
tive measurements on this physical system are a programma-
ble signal generator and a digital recorder. A common
Personal Computer (PC) with its sound card can conve-
niently provide both functions and yield accurate quantita-
tive data.

In principle, the measurement procedure and data analysis
are straightforward. However, as is often the case, an accu-
rate quantitative description of the phenomena can be
obtained only if one pays careful attention to a few subtle-
ties. Among these, the most important is the dependence of
the electrical resistivity of the metallic string on temperature.
Fortunately, proper experimental care is all that is needed to
obtain accurate data.

II. THE DUFFING OSCILLATOR AND OTHER

NONLINEARITIES

The linear harmonic oscillator is described by a differen-
tial equation that can be written in the form

€x þ x0b _x þ x2
0x ¼ FðtÞ; (1)

where x0 is the natural oscillation frequency and b is some-
times referred to as the damping ratio. The linearity of the
x2

0x restoring force with the displacement leads to the har-
monic potential well, that is unique inasmuch as it yields
strictly isochronous oscillations with the same angular fre-
quency x0 for any amplitude. (In this paragraph, all physical
terms apart from time, such as force, potential, speed, and
amplitude, are used in a generalized sense, without a dimen-
sional specification; physical meaning will be attached only
in the results section.)

In an idealized situation, the oscillator has no damping
(b¼ 0) and can sustain free oscillation forever. The physical
oscillator, on the other hand, always presents damping, due to
friction or viscosity in a mechanical system, or to electrical
resistance in an electronic circuit. Further complexity is added
if the restoring force deviates from the purely linear form with
the addition of a non-harmonic term. One of the simplest
expressions of this kind is the Duffing force, x2

0xð1þ �x2Þ.
Here, � is a parameter that governs the strength of the nonlin-
ear (cubic) term. When � > 0 we have a so-called hardening
spring while � < 0 leads to a softening spring; for a steel gui-
tar string, � > 0. This nonlinearity can dramatically affect the
behavior of the oscillator, even when this term remains small.
The resulting damped Duffing equation,

€x þ x0b _x þ x2
0xð1þ �x2Þ ¼ FðtÞ; (2)

has previously been used to describe the vibration of a musi-
cal string.8

Analytical solutions are known for the Duffing equation only
for the undamped (b¼ 0) and unforced [F(t)¼ 0] situations and
also for specific relations between the damping term and the ini-
tial conditions.15 On the other hand, numerical integration is
straightforward for any parameter combination. Approximate
analytical solutions for small damping and/or small nonlinearity

conditions can be obtained through a Fourier expansion—under
the action of the harmonic forcing term FðtÞ ¼ F sinðxtÞ, the
steady-state response x(t) (which does not include chaotic
motion) will also be periodic with the same angular frequency
x, and can thus be written as a Fourier expansion containing a
fundamental term G sinðxtþ uÞ along with a series of harmon-
ics of decreasing amplitude.

As long as the nonlinearities remain sufficiently small,
a first-order approximation to the complete solution can
be obtained by keeping only the fundamental frequency
portion of the nonlinear terms in the Duffing equation. In
other words, in the presence of sinusoidal forcing FðtÞ
¼ F sinðxtÞ, as long as the oscillation amplitude remains
small enough, we can use the solution of Eq. (1), given by
xðtÞ ¼ G sinðxtþ uÞ, in the nonlinear term of Eq. (2). Using
well known trigonometric identities the nonlinear term can
thus be approximated by

x3 tð Þ � G3 sin3 xtþ uð Þ

¼ G3 3

4
sin xtþ uð Þ �

1

4
sin 3xtþ 3uð Þ

� �
: (3)

As the overtone term will not resonantly drive oscillations at
angular frequency x, it can be dropped in the first approxi-
mation, simplifying the x3 term to ð3=4ÞG2xðtÞ.

Using this approximation, Eq. (2) reverts to a second-
order linear differential equation for which solutions can be
obtained following the usual path. Using complex form for
compactness, Eq. (2) becomes

x2
0 1þ �3

4
G2

� �
�x2þ jxx0b

� �
Gej xtþuð Þ ¼ Fejxt; (4)

with F and G real quantities and j the imaginary unit.
Extracting the modulus on both sides, the real equation

9

16
x4

0�
2G6 � 3

2
x2

0� x2 � x2
0

� �
G4

þ x2 � x2
0

� �2 þ x2x2
0b

2
h i

G2 ¼ F2 (5)

is obtained, which relates oscillation amplitude G with angu-
lar frequency x, the other terms being the oscillator parame-
ters. Common practice is not to solve for GðxÞ, which is
third degree in G2, but rather to solve for its inverse xðGÞ,
which is more tractable from an algebraic point of view.4,18

In our case, the Duffing nonlinearity alone is not a good
model for a guitar string. From experimental results, it will
be seen that the damping coefficient b cannot be considered
a constant. Fluid dynamics suggests a damping term propor-
tional to _xj _xjs, with s¼ 0 in the limit of small oscillation
and s¼ 1 at higher amplitudes.11,19,20 In addition, energy is
released by the string into the soundboard. Thus, a damping
expression of the form x0ðb _x þ c _xj _xjÞ should be more realis-
tic. All this may be related to the double decay rate in freely
vibrating strings as discussed in Ref. 21. In any case, using
this more realistic damping in Eq. (2) adds additional terms
to Eqs. (4) and (5), further complicating the algebra.

It should be mentioned that in the case of a guitar string,
the system is endowed with two orthogonal oscillating
modes22 having identical resonance frequency and damping,
and parametrically coupled through the nonlinear term.
Under appropriate conditions, when one mode is excited,
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energy will be transferred to the other mode.8,12 Thus, an
oscillation applied in a plane orthogonal to the soundboard,
such as in this experiment, should yield oscillation energy
parallel to the soundboard, resulting in a tilted or rotating
oscillation plane. This coupling is discussed in the literature5

as being broken by the asymmetry induced by the interaction
between the magnetic field and the string metal (if mag-
netic). Indeed, in our experiments, a careful visual inspection
at the higher oscillation amplitudes showed no deviation
from purely planar motion. Therefore, this study does not
consider coupled oscillators but instead focuses on a single,
nonlinear (driven) oscillator.

In our experiment, the measured quantity is the speed of
the string rather than the position. Hence, the “solution” to
Eq. (2) will be written _xðtÞ ¼ H sinðxtþ uÞ or, in complex
form, HejðxtþuÞ. Making this change, using the modified fluid
dynamics expression for damping with the (Fourier cosine)
expansion jsin aj ¼ ð2=pÞ½1� ð2=3Þ cosð2aÞ þ � � ��, and fol-
lowing the same procedure as before to deal with nonlinear
terms (i.e., discarding all overtones), Eq. (4) becomes

j
x
x0

� x0

x
� 3

4

H2�x0

x3

� �
þ bþ 2

p
cH

� �
x0Hej xtþuð Þ

¼ Fejxt: (6)

We have used a numerical approach to deal with Eq. (6). We
have chosen to use gnuplot,23 because it is relatively simple,
it is endowed with a powerful enough computational engine,
and it is freely available for practically every operating
system.

The modulus of the left-hand side of Eq. (6) defines a sur-
face FðH;xÞ that can be viewed in a three-dimensional plot.
Cutting the surface with a plane parallel to the Hx-plane at a
height F¼Fi gives rise to a contour plot that corresponds to
the function HðxÞjF¼Fi

; namely, the amplitude of the oscilla-
tion speed as a function of x when the forcing term has
amplitude Fi. Three families of solutions to Eq. (6) obtained
in this way are shown in Fig. 1, reporting HðxÞ=F for several
values of F. Panel (a) uses parameters � ¼ 0; c 6¼ 0 and
describes a resonator with a damping that increases with
oscillation amplitude. Panel (b), obtained with � 6¼ 0; c ¼ 0,
describes the classical Duffing oscillator. Panel (c) shows the
behavior found in the general case when both � and c are
nonzero. The resonance peaks are seen to bend when � 6¼ 0
(rightwards for � > 0, leftwards for � < 0), and for large
enough values the system is seen to give rise to hysteresis as
the frequency is scanned up and down.

As shown in Fig. 1(c), between frequencies fu and fd (cor-
responding to the upward and downward arrows), there are
two stable solutions, which allows for discontinuous transi-
tions in the system. If the frequency is slowly increased from
a low value up to fd and beyond, we observe a sudden jump
to a much lower amplitude, as indicated by the downward
arrow. Conversely, if the frequency is decreased from a high
value down to fu, we find at the upward arrow a sudden jump
to the upper solution with greater amplitude.

III. EXPERIMENTAL

A. Setup

A schematic of the experimental setup is shown in Fig. 2.
Current I, flowing in the string, interacts with the field B

produced by a magnetic bar placed alongside the string of
length L. The field is oriented parallel to the soundboard and
perpendicular to the string. The Lorentz force resulting from
the interaction is directed perpendicular to the soundboard,
inducing a string oscillation along this direction. Meanwhile,
the string movement, which is perpendicular to the magnetic
field, generates by Faraday induction an emf proportional to
the string speed s, represented in the diagram by the Vs

generator.
Assuming complete orthogonality in the geometry, we can

write Vs ¼
Ð

BðlÞsðlÞ dl, where s(l) is the speed in a generic
point at position l, and the integration takes place over the
region of string where the magnetic field is non-zero;
namely, over the length of the magnet. We will assume the
ratio sðlÞ=s0 is constant for different oscillation amplitudes,
s0 being the speed of a reference point, e.g., the middle of
the string. Given that the integral extends only along a short
portion of the string length next to the magnet, we can thus
write Vs ¼ s0

Ð
BðlÞ½sðlÞ=s0�dl / s0.

Fig. 1. Solutions to Eq. (6): (a) oscillator with linear restoring force with

damping that increases with amplitude, (b) Duffing oscillator with constant

damping, and (c) both previous effects combined. Numerical values for the

constants were: f0 ¼ x=2p ¼ 330 Hz, b ¼ 1:0� 10�3; � ¼ 0:25� 104,

c ¼ 0:5� 10�3, and Fi from 0.25 to 16, with a factor of 2 from curve to

curve (�, c, and Fi in arbitrary units). Response data HðxÞ are shown normal-

ized over excitation F, hence in the left and right plots the curve heights

decrease as excitation increases. In the central plot, with constant damping,

the curves bend rightward with increasing excitation.
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The current I was controlled by the PC through DAC 1
and amplifier A1 (see Fig. 2). Then, using the well known
relations for operational amplifiers,24 we find

I ¼ V01
R1

¼ Vg

R1

; (7)

V1 ¼ V01
R2a þ R2b

R2b

� �
; (8)

and

V2 ¼ V02 ¼ IðR1 þ RsÞ þ Vs; (9)

where Rs ’ 4:5 X is the string resistance (measured with a
digital multimeter). From the first of these equations, it is
clear that the circuit behaves as an ideal current generator—I
does not depend on Vs so there is no electromagnetic brake
effect and the Q-factor of the string as a resonator under
driven oscillations is not affected with respect to its natural
value during free oscillations.

Combining Eqs. (7)–(9) we find

Vs ¼ V2 � V1

R2b

R2a þ R2b

� �
R1 þ Rs

R1

� �
¼ V2 � KV1;

(10)

where K is the product of the two fractions. The value of R1

(¼ 4:7 X) has been chosen as close as possible to the string
resistance. In this case, with R2a ¼ R2b, we find K � 1 so
that V1 and V2 have similar amplitudes, which provides con-
venient working conditions for the ADCs.

Unfortunately, the exact value of K cannot be obtained in
this way because Rs is a function of temperature, with a coef-
ficient on the order of 0:5%=�C. Measurements of Vs were
found to be on the order of 5%–10% of V2, so measurement
errors on Vs would be as large as 5%=�C. To keep this error
reasonably low would require an environment temperature
control to a fraction of one degree. Such precise temperature
control is not easily achieved, especially considering the
dimensions of a guitar. Therefore, we make use of a calibra-
tion method that relies on measuring the value of K at the
beginning of each experiment, while continuously

monitoring the temperature to make sure its drift remains
within an acceptable value.

Operational amplifier A1 was a moderately high-current,
high-power model (OPA544), because it was required to
source a current I, that can be as high as �0:4 A during
measurements. Amplifiers A2 and A3 were low-noise, low-
distortion type (OPA604). Both amplifier models are made
by several manufacturers and are in the catalogs of most
electronic parts distributors, at a cost of a few dollars.

The computer was a desktop PC with a dual core 2.6-GHz
processor, with 4-GB RAM and a Linux operating system (dis-
tribution Debian-8.2).25 The PC motherboard was equipped
with a NM10/ICH7 High Definition Audio Controller made by
Intel, housing two 16-bit DACs capable of outputting 2.3
mVpp to 3.6 Vpp in 1-dB steps, and two 16-bit ADCs with a
sensitivity of 38 mVpp to 8 Vpp in 1.5-dB steps. Level accuracy
was checked and the results were better than 60:1 dB. The
maximum available sample rate of 96,000 samples/s was used
for all experiments.

It is important to note that in order for the sound device
to be suitable for this experiment it must be equipped with
two distinct ADCs for the left and right channels. Some
cheaper or older models have a single ADC multiplexed
between the two inputs, but this arrangement introduces a
phase shift between V1 and V2 that is difficult to be
corrected.

To minimize the measurement time, we used the highest
pitched string in our experiments. This string was made of
magnetic steel and had a length of L¼ 65 cm and a diameter
of 0.20 mm. The string was originally tuned to E above mid-
dle C, having a frequency of f0 ¼ 329:6 Hz, and retuned
only after its frequency had significantly drifted (typically
days or weeks).

The temperature was continuously monitored using a digi-
tal sensor Dallas DS1820 connected to the PC serial port
with an adapter, as described in Ref. 26. The measurements
were performed after enclosing the entire apparatus (guitar,
magnet, electronic circuit, and thermometer) in a wooden
cabinet to shield from air movement.

A single, ordinary (average-quality) commercial guitar
was used for all measurements, along with a neodymium
magnet measuring 18� 18� 80 mm3. The distance between
the magnet and the string was approximately 6 mm, and the

Fig. 2. The electronic circuit used to excite the string and measure its speed; Rs ’ 4:5 X (string resistance), R1 ¼ 4:7 X; R2a ¼ R2b ¼ 10 kX, A1¼OPA544,

A2¼A3¼OPA604.
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magnetic field strength near the region of the string was
about 0.25 T.

B. Excitation signal and recording

The measurement procedure was as follows. A pilot sinu-
soidal signal was generated using DAC 1 with the frequency
slowly sweeping from an initial value f1, below the natural
resonance of the string, to a final value f2, above resonance,
according to the sequence shown in Fig. 3 (typically,
f2 � f1 � 4–10 Hz). The sequence begins with no signal
(pad), to allow for any skew between the start of signal gen-
eration and recording. The second segment (calibration) con-
tains a tone at frequency fm, which is used to determine the
constant K, as described in Sec. III C. The frequency is then
switched from fm to the initial frequency f1 and held for a
short time to allow any transients to decay and to reach a
steady state. Finally, the frequency is increased from f1 to f2,
held for a short time, decreased back to f1, and held for
another short time. The sequence ends with another (pad)
segment with no signal. The time values reported in Fig. 3,
apart from the sweep-up and sweep-down times, are typical
for most measurements, and were chosen long enough for
their function, but are otherwise irrelevant for the
experiment.

The excitation signal sequence was generated in
advance using a C program that computed the signal phase
progression uðtÞ. The values of sin½uðtÞ� were stored as
16-bit binary data into a file and sent to the sound device
DACs using the sox program,27 while recording from the
ADCs, again with the sox program. The entire sequence
was repeated several times, choosing sweep times from
300–2400 s, with different values of current I. The current
amplitude was varied in 3-dB steps over a 51-dB range,
from 1.07 to 380 mApp, adjusting, as far as possible, the
input and output channel gains to keep the recorded
signals at the same optimal amplitude. The high current
value was limited by the string vibration amplitude, which
was made as large as possible while keeping the string
from touching the frets. The string-fret distance, measured
with a caliper, was ð4:860:2Þ mm. At the maximum cur-
rent level of 380 mA, the vibration amplitude was
ð4:560:5Þ mm.

C. Calibration

The obvious way to obtain the value of K is to make Vs

null in Eq. (10) by removing the magnetic bar and measuring
V1 and V2. This procedure cannot work, as explained in the

introduction. First, it is not easy to control the environmental
temperature to a fraction of a degree. And second, calibration
depends on the current intensity because of the string self-
heating by the Joule effect. A further non-negligible effect is
that a calibration procedure based on the presence and action
of the experimenter always induces some thermal transient
that must decay before measurements can actually begin.
Thus, we have devised a calibration procedure that requires
no operator intervention, allowing an entire measurement
sequence to be performed by remote or automatic control.
Most of the data reported in the paper have been obtained
overnight or during a week-end when disturbances of any
kind in the laboratories are at a minimum.

During the 15 s calibration period shown in Fig. 3, a tone
quite far from the resonance frequency of the string and its
overtones was sent from the computer. Due to the high Q
(about 1,400) of the resonance, the induced vibration was
practically null, as was Vs. With Vs¼ 0, Eq. (10) gives
K ¼ V2=V1. A frequency fm¼ 200 Hz was used throughout
all measurements, but a test has shown that other frequencies
up to 300 Hz will work as well. Figure 4 shows the amplitude
ratio and phase difference between V1 and V2 during a 15-s
calibration period for the highest value of current in the
string. The clearly visible rise in V2=V1 was due entirely to
V2 and was the effect of self-heating of the string due to the
current flow; V1 remained quite stable. The value of the drift,
though small (0.4%), was not negligible. When Eq. (10) was
applied, the relative effect on Vs became an order of magni-
tude greater. Only at low current values was self-heating
negligible.

The small fluctuations in the phase (’ 0:01� peak-to-
peak), that are visible in the first two or three seconds of the

Fig. 3. Time evolution of frequency in the excitation signal generated by DAC 1 and applied to the resonating string. Values reported along the time axis were

fixed for all measurements; the sweep-up and sweep-down times were varied from 300 to 2400 s.

Fig. 4. Amplitude (increasing curve) and phase of the constant K during a

15-s calibration period. The amplitude clearly increases due to Joule heating

(I ¼ 0:38 App). There was also a small systematic phase difference between

V1 and V2, corresponding to a difference of about 0:5 ls in the ADC’s tim-

ing; the exact nature of this systematic error was not investigated further,

because it was small enough to be neglected.
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plot, were also due entirely to V2, and are probably the result
of a transient induced by the application of the signal.

D. Data processing

The data processing phase has been split into three steps,
using three independent programs. The main problem was
the amount of data to be processed, about 0.38 MB for each
second of signal recording. On the other hand, the processing
algorithms were fairly simple and for better computational
speed they have been written in C.

The first program determined the exact points in the
acquired samples sequence from ADC 1 where the pilot tone
started and ended. This was accomplished by evaluating the
oscillation amplitude A (the peak values were accurate
enough), thereafter scanning the data set left to right and
right to left looking for the points where suddenly the slope
changed from zero to xA and vice versa, with x angular fre-
quency of the tone at that point. This procedure is shown
schematically in Fig. 5.

The number of samples between the start and end points
should be exactly the sample rate multiplied by the experi-
ment length (sum of times from T1 to T6 in Fig. 3).
Occasionally, a discrepancy was found, meaning that play
and record synchronization was lost at some point during the
experiment. In these rare events, due mainly to a computer
overload with other activities, the data were discarded and
the experiment repeated.

The second program determined the amplitude and phase
of signals V1 and V2 during the calibration segment T1, and
from the ratio V2=V1 the value of the constant K. To this pur-
pose, the program synthesized again the pilot signal Vp ¼
sinð2pfmtÞ that had been sent to DAC 1 and whose parame-
ters were saved, together with its quadrature companion
Vq ¼ cosð2pfmtÞ. Thereafter, for each cycle of Vp and Vq,
namely, for each block of Ns ¼ rate=fm samples, the compo-
nents S of V1 and V2, both in-phase and quadrature with the
pilot signal, were obtained, allowing for approximating the
Fourier integrals with discrete sums as

Sij ¼
XNs

k¼1

VikVjk /
ð1=fm

0

ViðtÞVjðtÞ dt; (11)

with i ¼ p; q and j¼ 1, 2.

The calibration constant was obtained through the ratio of
moduli

K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2

p2 þ S2
q2

S2
p1 þ S2

q1

s
; (12)

while the phase difference between V2 and V1,

Du ¼ arctan
Sq2

Sp2

� �
� arctan

Sq1

Sp1

� �
; (13)

was consistently very close to zero (’ 0:05�), as expected
due to the purely ohmic origin of V2. Only the cycles in the
last second of T1 were taken and averaged in order to obtain
K, when all thermal transients had fully decayed (see Fig. 4).
Results from this algorithm were very accurate if care was
taken so that fm was an integer divisor of the sample rate. In
our case, with a rate of 96,000 Hz, the allowed values for fm
in the 200–300 Hz range were 200, 240, 250, 256, and
300 Hz.

The third program was slightly more complex than the
other two and computed the four components Sij for each
cycle of the pilot signal in a similar way as described above
for the second program, with two differences. First, Sp2 and
Sq2 were obtained using Vs ¼ V2 � KV1 instead of V2.
Second, during the frequency scan, the cycles were of differ-
ent durations and composed of a variable number of samples.
The start and end points for a cycle were detected by finding
the roots of the uðtÞ ¼ 0 equation, and the integrals obtained
using the trapezoidal rule, as in Eq. (11), but taking due
account of the two sample interval fractions at the beginning
and end of the cycle. In this procedure, the signals were not
strictly stationary as required in Fourier analysis; however,
the rate of the frequency change (from 0.001%/cycle to
0.01%/cycle) was small enough to be safely neglected.
Finally, the amplitude and phase of Vs during forward and
reverse sweep were extracted using Eqs. (12) and (13).
Using a similar procedure, the intensity of the third harmonic
in the signal was obtained, using 3uðtÞ instead of uðtÞ in the
sine and cosine functions to obtain VpðtÞ and VqðtÞ.

The time resolution in the results obtained through this
procedure is the reciprocal of the pilot frequency, i.e., ’ 3
ms. This resolution is far greater than necessary in this
experiment. When useful, particularly at low signal levels,
the resolution has been reduced to obtain a better signal-to-
noise ratio, averaging values over several cycles.

IV. RESULTS AND DISCUSSION

Several measurement series have been obtained varying
the sweep time (from 30 s/Hz to 240 s/Hz), the frequency
interval (from 4 to 10 Hz around the string resonance) and
the current level. The highest current used (380 mApp) will
be referred to as the 0 dB excitation level, the lowest cur-
rent (1.07 mApp) corresponding to a �51 dB excitation
level.

Figure 6 shows a family of curves taken when sweeping
the frequency up and down over a 4-Hz range with a sweep
time of 240 s/Hz, varying the current intensity level from
0 dB to �51 dB in 3-dB steps. The quantity Hm shown in the
upper plot is the amplitude of voltage Vs (proportional to the
string speed), normalized over voltage V1 (proportional to
the excitation current). The lower plot reports the phase for

Fig. 5. Start and end points of the excitation signal V1 during a 600-s fre-

quency sweep. The total length of the signal was 1227 s (with start about

9.9 s after the beginning of the recording). The two small insets (bottom-left

and top-right) show an enlarged 20-sample sequence centered around the

signal start and end points, respectively. The initial frequency of the signal

was fm ¼ 200 Hz (for calibration); the frequency at end was f1 ¼ 325 Hz.
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four representative excitation values, namely, 0, �6, �12,
and �51 dB. As seen in this figure, the lowest current values
lead to a classical symmetric bell-shaped curve for the
amplitude, while the phase follows the usual S-shaped curve.
As the current level increases the shape of the curve changes;
the peak becomes lower and moves rightward, and a hystere-
sis loop begins to appear. The hysteresis loop widens as cur-
rent increases further, with the upper branch traversed during
the upward frequency sweep and the lower branch traversed
during the downward frequency sweep. From these data, it is
quite clear that both of the effects shown in Fig. 1, and
described in Eq. (6), are present in the resonance of the gui-
tar string. The lowering and widening of the resonance
curves as current increases, well before the rightward bend-
ing becomes appreciable, implies a damping factor that
depends upon signal amplitude, i.e., a nonlinear damping.

The plots in Fig. 7 show in greater detail the process
of oscillation quenching during the forward scan.
Measurements were repeated at different scan speeds (from
30 to 240 s/Hz) and the amplitude data have been reported
as a function of the time after the phase has crossed through
zero. After this point, the oscillation amplitude starts to
decrease, until the collapse point is reached, where the
HðxÞ curve folds backwards. The time required to traverse
this interval depends inversely on the scan speed, as can be
observed in the figure. When the collapse point is reached
and crossed fairly quickly, the process starts immediately
and in a fairly reproducible time. Conversely, if the col-
lapse point is reached slowly so that the system is allowed
to dwell for a while nearby, the beginning of the collapse is
affected by noise and a random delay appears. However,
once the collapse begins, the system always evolves in the
same way.

The ringing transient that is seen in Fig. 7 is a beat effect.
After the amplitude collapse, the string continues with a free
decaying oscillation very close to its natural frequency. The
forcing signal, on the other hand, is at a frequency very close
to the zero-phase frequency.

In order to analyze the data in Fig. 6 in greater detail, it is
convenient to rewrite Eq. (6) in terms of the measured quan-
tity Hm and the relative excitation level Fr ¼ F=F0, where F0

represents the highest excitation signal Fð0 dBÞ. Substituting
F ¼ FrF0 and H ¼ HmFrfs, where fs accounts for the scale
factor ðF=V1Þ=ðH=VsÞ, Eq. (6) becomes

j
x
x0

�x0

x
� 3

4

x0

x3
H2

mF2
r �f

2
s

� �
þ bþ 2

p
HmFrcfs

� �

�x0Hm
fs

F0

eju ¼ 1; (14)

with the following unknown quantities: x0, b, f 0s ¼ fs=F0;
c 0 ¼ cfs, and �0 ¼ �f 2

s . At the lowest excitation values, the
curves tend to overlap, meaning that contributions due to
both c 0 and �0 become negligible, so that Eq. (14) reduces to
the classical form					j x

x0

� x0

x

� �
þ b

					x0Hmf 0s ¼ 1: (15)

Fitting the curves corresponding to the lowest excitation lev-
els using Eq. (15), the values of x0 ¼ 2pf0, b, and f 0s can be
obtained (f0 ¼ 329:09 Hz; b ¼ 0:712� 10�3, corresponding
to a quality factor Q¼ 1, 404, and f 0s ¼ 2:115 s).

Figure 8 reports the peak values Hp of the forward Hm

curves as a function of excitation current. Considering either
the fluid dynamics damping or its modified form used in Eqs.
(6) and (14), the damping factor does not contain x. This is a
consequence of measuring speed instead of elongation and
implies that the peak value of H is always attained when the
imaginary part is null, i.e., when u ¼ 0 (see Fig. 6, bottom).
Hence, from Eq. (14) the following second degree relation
can be extracted:

bþ 2

p
c0HpFr

� �
x0Hpf 0s ¼ 1: (16)

Fig. 6. Forward and reverse frequency sweep at different current values. To

avoid cluttering the plot, only the forward sweep curves are shown for sig-

nals below the �18 dB level (curves obtained with the reverse sweep differ

only for a minimal frequency shift, about 0.01 Hz, due to the non-null-sweep

speed). The upper plot shows the quantity Hm, the ratio between the mea-

sured voltage Vs and the exciting voltage V1 (expressed as percent). The

lower plot shows the phase u for signal strengths 0, �6, �12, and �51 dB.

The point where the phase crosses zero during the forward scan always cor-

responds to the peak oscillation value. (Only 3 Hz of the 4 Hz measured

sweep range is shown.)

Fig. 7. Oscillation collapse as a function of time for different frequency

sweep rates.
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This equation, resolved for Hp as a function of Fr, has been
fitted over the data shown in Fig. 8, using the values of x0

and f 0s already known, to obtain c 0 and the asymptotic value
of b in the limit of zero excitation (c 0 ¼ 3:823� 10�2,
b0 ¼ 0:675� 10�3). The solid line in the plot is the result of
the fit.

The last effect to account for is the curve bending due to
the Duffing nonlinearity when � 6¼ 0. We could not devise a
simple closed procedure to perform this computation. Hence,
we have repeated the plot reported in Fig. 1, inserting the
computed values of x0, b, f 0s , and c 0 into Eq. (14) for Fr¼ 1,
corresponding to the lowest curve of Fig. 6, and then adjust-
ing �0 by trial and error to obtain the same level of stretch as
in the experimental data. Using the value so obtained
(�0 ¼ 6:7� 106 s�2), a full family of curves has been com-
puted, and shown in Fig. 9.

Comparison with experimental data of Fig. 6 shows a very
good agreement in the height and shape of the curves up to
the �12 dB level. The curves corresponding to the highest
oscillations exhibit only a qualitative agreement; the hystere-
sis loop in the experimental data appears at a lower excita-
tion level, and at the highest excitation level it is about three
times wider than in the computed curves.

According to Elliott3 in his numerical example (with
Rowland’s correction16), the value of � for our guitar string

is 0:82� 103 m�2. To compare this value with the experi-
mental results, it is necessary to equate the 1þ �x2 term
of Eq. (2) with the corresponding expression obtained from
Eq. (14), namely, 1þ 3H2

mF2
r �
0=4x2. Using the oscillation

amplitude (x ¼ 4:5 mm) that corresponds to the level 0
curve, with Fr¼ 1 and Hm ¼ 0:083, one obtains � ¼ 0:40
�103 m�2. This value, though only in rough agreement with
the computed one, is a fairly good result if one considers that
what we are really measuring is not a taut string alone, but
rather the behavior of a string together with the guitar.

In Fig. 10, the third harmonic content in the three highest
current curves has been plotted. At its maximum, the third
harmonic is about 1.5% of Hm, which ensures the validity of
the approximation used in Eq. (3).

It has been considered if the discrepancies might be
ascribed to the heating of the string that can be seen in Fig. 4.
This effect, on the order of 1 �C, combined with the measured
pitch drift with temperature (0:15 Hz=�C), gives a possible
shift in the frequency scale on the order of 0.15 Hz at the high-
est current level. This effect is too small to account for the
observed discrepancies.

Up to now, the evidence is that the guitar string behaves
fairly well as a Duffing oscillator with nonlinear damping
over an oscillation amplitude range of about 40 dB. At the
highest possible amplitudes other effects become important.
We conclude that the guitar is a more complex system than a
stretched string in a rigid frame and that the vibration of the
wooden neck and the soundboard significantly affect the
string vibration.

V. CONCLUSIONS

This paper shows that it is possible, with very simple
means (a PC with a sound card), to perform a detailed exper-
imental analysis of a guitar string that is highly accurate and
makes evident small nonlinear effects. It is to be noted that
the striking change of shape of resonance curves in Fig. 9 is
contained entirely in a frequency range 62:5% around the
resonance frequency and is due to an harmonic content on
the order of 1.5%.
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